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ABSTRACT 

In the  theory  of K-quas iconformal  mappings ,  Mori ' s  t heo rem shows t ha t  

K-quas iconformal  mapp ings  on the  uni t  disk sat isfy the  Hhlder  condit ion,  

where  the  coefficient 16 is best  possible. In this  paper ,  we prove t ha t  

se l f - t t (z ) -homeomorphisms on the  uni t  disk have  an  analogical  resul t  to 

Mori 's  t heo rem when  the  integral  m e a n  di la ta t ions  are controlled by log 

function.  An  unimprovable  inequali ty is obta ined.  

1. I n t r o d u c t i o n  

Let us recall the analytic definition of K-quasiconformal mappings. 

Definition: Let f be a sense-preserving homeomorphism in the plane. We call 

f a K-quasiconformal mapping if it satisfies the following two conditions: 

(i) f is absolutely continuous on lines in ~. 

(ii) ]f~l <- k lfzl, for almost all z e f~. 

It is well known that a K-quasiconformal mapping f with two points normal- 

ized ( f (a l )  = 51, f(a2) = b2, where al r a2, bl r b2) satisfies a uniform Hhlder 

condition on any compact subset: 

(1.1) ]f(zl)  - f(z2)l _< MlZl  - z2l 1/g. 

Particularly, when f is a K-quasiconformal mapping of the unit disk A onto itself 

with normalization f(0)  = 0, the following famous Mori's result holds: 

(1.2) If(zl) - f(z2)l < 161zl - z2l 1/K, 
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where the coefficient 16 is best possible. 

In recent years, many mathematicians have been interested in a more gener- 
alized class of locally quasiconforml mappings. In this paper, we examine #(z)- 

homeomorphisms. 

Definition: Let E be a compact set in ~ which is of a-linear measure. Let #(z) 

be a measurable function in s Function f is called a #(z)-homeomorphism, if f 

is a sense-preserving homeomorphism in ~ and is locally #(z)-quasiconformal in 

f ~ - E .  

The importance of #(z)-homeomorphisms lies in the fact that, on one hand, 

they are natural generalizations of K-quasiconformal mappings; on the other 

hand, all of them come from the study of homeomorphic solutions of the following 

Betrami equation, 

(1.3) f~----#(z)f~. 

We refer readers on #(z)-homeomorphisms to [2], [3], [4], [5], [6], [8], [9], [10], 

[11] and [12]. It should be pointed out that until now, the theory of #(z)-homeo- 

morphisms is far from complete. 

Throughout this paper, we restrict ourself to the unit disk A. Denote the 

dilatation function of f by Dr(z)  -- (1 + [#(z)[)/(1 - I#(z)]). Let ~/(r) be an 

circular arc in A with radius r. Denote the integral mean dilatation on 9'(r) by 

1 f~ Di(z) ldz  h (1.4) n*l(~/(r))-  L('y(r)) (r) 

where i(~/(r)) represents the linear length of ~/(r). In particular, if "y(r) -- 

{zlz -- zo + re ie, 0 _< 0 < 2~r}, then 

1 fo 2~ D*(')'(r)) --- D*(z0, r) = ~ D(zo + re'e)dO. 

The intention of this paper is to estimate I f ( z1 ) -  f(z2)] under self-p(z)-homeo- 

morphisms of A. We control the growth order of D*(~/(r)) by a log function and 

obtain the following main result: 

THEOREM 1.1: Suppose that f is a self-#(z)-homeomorphism of A with normal- 
ization f(O) = O. I f  for any r < �89 ~/(r) C A, there exists a constant M such 
that 

(1.5) D*(~(r)) <_Mlog(e/r),  
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then 

log - f(z )l 
(1.6) lim sup 

[Zl-Z2l-+Ozl,z2EA log log 2e Izx-z21 

where the constant - 1 / M  is best possible. 

< - 1 / M  

2. S o m e  l e m m a s  

To prove the theorem, we shall prepare a few lemmas in this section. 

Let F be a family of curves in the plane. Each 7 C F shall be a countable 

union of open arcs, closed arcs or closed curves, and every closed subarc shall be 

rectifiable. We use the properties of the extremal length of F. The definition is 

as follows. 

1. p is non-negative Borel function. 

2. A(p) = f f c  P 2dxdy ~ 0, ~ .  
For such a p, set 

/ .  

LT(p) = J, pidzl 

if p is measurable on 7. Otherwise, L7 (p) = oc. We introduce 

L(p) = inf L~(p) and A(F) = sup L(p)2 
~zr p A(p) 

for all allowable p. 

Let fj(x) be continuous on line segment [el, a2] (j  = 1, 2), and fl(x) < f2(x) 
for any x E [al, a2]. Denote 

Q = {(x, )lal < x < a2, f l ( x )  < y < 

Let f(z) be a #(z)-homeomorphism of Q. Define the module of Q by the extremal 

length of F, a family of curves which connect {z]x =- el} with {zlx = a2} in Q, 

namely, mod(Q) = A(F). Correspondingly, rood f(Q) is defined as the extremal 

length of f (F) .  We estimate the module of f(Q) as follows. 

LEMMA 2.1: If the dilatation &nction D(z) o f f  is integrable in Q, then 

~a2 < f (Q). 
dx 

(2.1) ff2(~) D(x + iy)dy 
rood 

1 Jr1 (X) 

Proof." There exists a conformal mapping r which maps f(Q) onto a rectangle 

R -: {(u,v)10 < u < v ,0  < v < b}. Set h -- r  From the conformal invariance 

of extremal length, we have 

(2.2) rood f(Q) :- rood h(Q) = a/b. 
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Now, we prove that h is absolutely continuous on lines. In fact, 

Q Q 

= I J Dl(z) l Jh( ) l d z 2 x , 
Q 

where Jh(Z) is the Jacobian of h, namely Jh = Ihzl 2 - Ih~l 2. 
Therefore, applying the Schwarz inequality to the right side of the last equality, 

we have 

/ f (,hz, + ,h~,)dxdy < ( f f Df(z)dxdy) �89 ( f / Jh(z)dxdy) �89 
Q Q Q 

From the integrability of Dr(z) and Jh(z), Ihzl and ]h~ I are integrable. Thus, h 

is ACL (see lemma 2 in chapter II of [1]). 

From the fact that h(x + iy) is absolutely continuous for almost all x E [al, a2], 

it follows that 

(2.3) 

Set 

_ ff2(~) b < [hy(x + iy)ldy. 
JA(~) 

g(z) = Ihy(z)12/Jh(z). 
By the chain rule one can show that 

l l  - ~ h ( z ) l  ~ l1 - ~ s ( z ) l  ~ 
(2.4) g(z) - y _ - i - - ~ 1 ~  - ~ - _ - I ~  -< DI(z)" 

The above inequality together with the hypothesis of the lemma yield that g(z) 
is integrable in Q. Set 

Denote 

Ig(z)l ~ n; gn(z) = { ~ !  z)' Lg(z)L > n. 

By Fubini's theorem, In(X) exists for almost all x C [al,a2] and a given n. 

Obviously for a fixed x, the sequence {In(x)} is increasing with n. So the sequence 

Iu (x) converges if the limit is permitted to be +oc. This means that the integral 

In(x) = r/s2(x) gn(z)~y. 
Jfl(x) 



Vol. 122, 2001 ESTIMATES ON #(z)-HOMEOMORPHISMS OF THE UNIT DISK 351 

f2 (~) flx(x) g(z)dy exists for almost all x E [al, a2]. The same argument is available 
for Jh(z). Now it is not difficult to prove that 

(2.5) g(z)@ <_ Jdz)dy. 

Because the above inequality holds if 

ff2 (X) ff2(x) g(z)dy = +oo or Jh(Z)dy = +oo, 
sfl(~) sfl(~) 

we may assume that both of them are finite. Applying Schwarz inequality to 

(2.3), we have 

_ < g(z)dy Jh(z)dy. 
k, J f l (X) J f l ( x )  J f l ( x )  

Thus (2.5) immediately follows from (2.6). 

Integrating both sides of inequality (2.5) over x E [al, a2], we get 

fa a~ b2dx f a a 2 f  f2(x) ff2(z) < Jh(z)dydx <_ mes(h(Q)) = ab. 
1 sfl(x) g(z)dy 1 sf~(~) 

Hence, from (2.2), (2.4) and the above inequality, (2.1) follows. This completes 

the proof of the lemma. | 

Let/gj (r) be continuous on [rl, r2], and 0 </92 (r) </91 (r) < 2~r. Denote 

P =P(zo; r l ,  r2;/91(r),/92(r)) 

=(zlz = zo + rei~ < r < r2,/91(r) </9 < 02(r)}. 

Function log(z - z0)/rl  conformally maps P onto Q. From Lemma 2.1 and the 

conformal invariance of module, there follows 

LEMMA 2.2: Suppose that f ( z )  is a #(z)-homeomorphism in P. I f  Dr(z)  is 
integrable in P, then 

j~r r2 dr (2.7) < rood f (P )  
, ,'fo~ Df(zo + reiO)d/9 

where m o d f ( P )  is defined as the extremal length o f f ( F )  and F is a family of 

curves which connect the corresponding two arcs in P.  

Particularly, if P is an annulus, we have 

~ r 2  dr 
(2.8) , 2rrrn*f(zo,r) <- m o d f ( P ) .  
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For the proof of the above inequality when f is a K-quasiconformal mapping, we 

refer to [7] and [11]. 

Set 

Azx(zo;rl,r2) = {zlrl < [ z -  z01 < r2, zo C A} NA.  

By (2.7), the module of f(AA(zo; rl ,  r2)) has the following estimate: 

ff (2.9) dr 1 27rD*('y(r)) -< modf(AA(zo;rl,r2)) 

where D* (7(r)) is the integral mean dilatation on 7(r). 

LEMMA 2.3: Suppose that f(z) is a #(z)-homeomorphism in the unit disk A. 
If  D*f(q,(r)) satisfies (1.5), then the image f (A)  is conformally equivalent to the 
unit disk A and f can be topologically extended to the boundary OA. 

Proof'. From the topological point of view, homeomorphism f maps A either 

onto the whole plane or onto a simply-connected domain of hyperbolic type. 
Suppose that f maps A onto the whole plane. We consider domain 

AA(zo; 5, 25) where z0 E 0A, ~ < �88 By the definition of module and extremal 

length, modf(AA(zo;5,25)) = O. On the other hand, from the hypothesis of 

the lemma, we deduce that  Dl(z  ) is integrable in Azx(z0; 5, 25). Hence, #(z)- 

homeomorphism f satisfies conditions of Lemma 2.2. Using (2.9) and (1.5), we 

have 

f 2~ dr (2.10) 0 < 21rMr log(e/r) <- mod f(AA(zo; 5, 25)). 

This is a contradiction. Thus f (A)  must be conformally equivalent to A. 
From the Riemann mapping theorem, there exists a conformal mapping r such 

that  r o f (A)  = A. By definition in w D~(~/(r)) = D~of('y(r)). So, without loss 

of generality, we may assume that f (A)  = A. 

Next, in three steps we prove that f can be homeomorphically extended to the 

boundary. 

Firstly, we prove that  for any Zo C OA, f(z) converges as z tends to Zo in A. 

Otherwise, there exist two sequences {z~} (j = 1, 2) tending to z0 such that  

f(z~) --4 uj, where Ul and u2 are two different points on 0A. Consider domain 

AA(z0; r, �89 Let modf(AA(zo; r, 1 3)) = A(f(F,.)), where Fr is a family of curves 

which connect {zl lz-zo I = �89 with {zllz-zol = r} in Azx(zo;r, �89 By (2.9) and 

conditions of the lemma, mod f ( AA(zo; r, �89 --4 +c~ as r -40. Consequently, 

(2.11) ) ~ ( f ( r , ) )  ~ + c o ,  as r -+ O. 
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Set V~(z0; �89 = {zllz-2ol < �89 n ~.  The curve f ( I z -  z01 = �89 intersects 0A at 
Vl and v2. Let Q(vl,  v2, ul, u2) be a quadrilateral with domain f (UA(zo,  �89 and 

vertices vl, v2, ul, u2. The module mod Q(vl,  v2, ul, u2) is defined as the extremal 

length A(F), where F is a family of curves which connect the curve f ( I z - z o l  = �89 

and arc ulu2. It is easy to see that A(F) < c~. Since f (F r )  < F, by monotonicity 

of extremal length, A(f(Fr)) < A(F) < c~, which contradicts (2.11). This implies 

that  f ( z )  converges. 

Secondly, from the above discussion, it makes sense that f (zo)  = limz-~zo f ( z )  

whenever z tends to Zo in A. Analogous reasoning yields the continuity of floA. 

Finally, we shall prove that  f loA is injective. 

Otherwise, there exist w and zl, z2 C 0A such that f ( z l )  = f (z2)  = w. From 

topology, f maps arc z~2 to w. Set zo = (zl + z2)/2, rl = Iz2 - z l l /4  and 

r2 = Iz2 - z1[/2. By definition of module, modf(AA(Zo;  rl, r2)) = 0. However, 

from conditions of the lemma and (2.8), it follows that  mod f (AA(zo;  rl, r2)) > 0. 

This contradiction shows that f[oA is injective. The proof is complete. 1 

Remark: Professor Li has obtained a homeomorphic extension of locally quasi- 

conformal mappings under conditions different from this paper (see [10]). 

3. P r o o f  o f  t h e  m a i n  r e s u l t  

Let G(R) be a symmetric Gr5tzschian domain and M(A) be a symmetric Mori's 

1 log (I)(R) and 1 log X(A), domain. Their moduli are represented by functions ~ 

respectively. In this section we need following two inequalities: 

(3.1) O(R) _< 4(n) ,  

(3.2) AX(A) _< 16. 

For more details about functions (I) and X, we refer to [1]. 

Proof of Theorem 1.1: In view of the hypothesis of the theorem and Lemma 

2.3, f can be topologically extended to A. Extend f by 

1 

Then 

(3.3) I/zy(z)[ : [/zy(1H)[. 

Therefore, f is a #(z)-homeomorphism of the whole plane. 
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When f is K-quasiconformal, the above extended f is still K-quasiconformal 

in the whole plane. But for #(z)-homeomorphisms satisfying (1.5), generally, the 

constant M will change after extension. We claim that 

(3.4) D*/(zo, r) <_ (1 + r)2Mlog(e/r) 

holds for all zo C A N  {Izl > 3} when r < 1 

Set Ci(r) = {ziiz - Zol = r} N A, which is a circular arc inside A. Set Co(r) = 
{ziiz - z0] -- r} N (C - A), which is a circular arc outside A. Let Co(r) be the 

image of Co(r) under reflection 1/L Hence it is a circular arc inside the unit disk 

A. Let f be the radius of Co(r). By direct calculation, one can show that 

r 
( 3 . 5 )  ~ - 

IIzol 2 - r2  I" 

Since r < ~ and 3 < iZol < 1, from (3.5) it follows that  

1 
(3.6) r < ~ < 2 r <  2" 

By hypothesis of the theorem and (3.6), we have 

(3.7) fc--s~ Ds(z) ldzl e < M log - < M log e. 
f c -~  Idzl r r 

The inequality (3.3) implies that  D r (z) = Dr(l/2 ). Hence 

( 3 . 8 )  

Thus 

f c -~  Ds(z)ldzl 
$c--2ff Idzl 

(3.9) 

fCo(r) D/(1/2)]d~-] 

fco(~) IdOl 

fCo(r) Id�89 Yco(r) i~z--~i ldzl 
> minz~co(r)Izl 2 fco(~)Dr(z)ldzl 
- m a x z ~ c o ( r ) I z l  2 $Co(~) Idzl 

1 fCo(r) Or(z)ldzl 
(1 + r) 2 fco(~) Idzl 

fCo(r) D$(z)]dzl 

fCo(r) Idzl 
< (1 + r) 2fC--~Ds(z)ldzl 
- fc--j~tdzl 
< (1 + r)2M log e. 

?- 
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Again using the hypothesis of the theorem, we have 

(3.10) feb(r) Df(z)ldzl < Mlog  e 
fc , ( . )  Idzl - r 

From (3.9) and (3.10), we obtain 

D}(z0, r) = leo(,.)Di(z)ldzl + fc~(~) Dl(z)Idzl 
fco(.)  Idzl + fc , ( . )  Idzl 

<_ (1 + r):Mlog(e/r) .  

So the claim is proved. 

Let r2 < �88 For any distinct points zl, z2 in A while ]Zl -z2] < r2, we construct 

an annulus 

A = {z]lzl - z2]/2 < ]z - (zl + z~.)/21 < re}. 

Considering two possibilities, we shall estimate on If(z~) - f(z2)] as follows. 

CASE 1: A lies in the unit disk A. According to (2.7) and the hypothesis of 

the theorem, 

~rr r2 dr ~rr r2 dr 
(3.11) 1 27rMrlog~ -~ 1 27rrD*(zo, r) ~- modf (A)  

where r2 < �88 rl = Iz2 - z11/2 and zo -- (zl + z2)/2. 
Let ~1 -- f (z l ) ,  ~2 = f(z2). Considering the mapping 

and noting the inequality (3.1), we have 

1 (11 - (1~21 1 8 
(3.12) modf (A)  < ~-~log(I)\l ~2 _---2-~1 i) < ~--~ log 1~2 - ~  

Prom (3.11) and (3.12), we deduce that 

f~2 dr < 1 8 
2 7 f i r  log ~ - ~ log If(z2) - f(zl)l" 

After rearrangement, we obtain 

(3.13) 
e 2e ) -1/M. i::z.>- :(z:>l _< :.) (lo  
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C A S E  2 :  A does not lie in A, hence it does not contain the origin O. It also 

implies that Iz01 > 1 - r2 _> 3/4. Therefore (3.4) holds. Using (2.7) and (3.4), we 

have 

l f f  2 dr f f ~  dr 
(3.14) (1 + r2) 2 1 27rir log(e/r)  < 1 27rrD*(zo, r) < modf(A) .  

Denote B(zo, r) as a disk with center at z0 and radius r. Now the image of the 

inner continuum of A intersects {~1[~1 < 1} in a set with diameter > 1~2 - ~11, 

and the outer continuum of A contains the origin. Therefore, by the extremal 

property of Mori's domain and inequality (3.2), we have 

(3.15) modf (A)  _< l l o g x ( l r  - ~21) _< 2~ log(16/1~2 - ~11). 

From (3.14) and (3.15), we have 

e 2e -(1--~2 )2 ~ 
(3.16) If(z2)-f(zl)I<16(log~)'/M(log[z._z,[) 
Comparing (3.13) with (3.16), we see that (3.16) holds whenever Iz2 - z~ I < r~ 
< 1  
- -  4" 

Now we choose points zl and z2 to be sufficiently close such that Iz2 - zll 
< 2e -3. Let 

2e 1 
x = l o g l z  2_z11, r 2 - x - .  

1 Rewrite (3.16) as T h e n x > 4 a n d r 2 <  ~. 

(3.17) I f ( z2 ) -  f (zOI <<_ 16(logx + 1 )~x  -(~+--4-~ ~)2~ 

It is not difficult to see that the inequalities 

(3.18) logx < x 1/lx//i~ and > 1 - - 
X 

hold whenever x > 4. Substituting (3.18) into (3.17), we have 

1 

If(z2) - f(zl)[ < 16(ex)M~X--(1--~)TY 

1[ 1 ~ 1 
< 16e~x 

From the above inequality, we immediately obtain 

lira sup log If(z2) - f(zl) l  < _ 1  
2~ - M "  Iz=-z~l~Ozl,z2e,', loglog Iz2-ztl 
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Finally, it remains to give an example to show that  the constant - 1 / M  is best 

possible. Set 

f (re i~ ( l oge ) -UMe iO. 

Direct computation shows that 

n(re  i~ = i log(e/r).  

Hence f is a self-#(z)-homeomorphism of A, and the exceptional set E contains 

only one point, the origin O. Let zl(r) = r and z2(r) -- - r .  The distance between 

f(r) and f(-r), 
[ f ( r ) -  f ( - r ) l  = 2( loge)  -1/M, 

shows that  the estimates given in Theorem 1.1 are best possible. | 

Now we come to the normal property of a family of #(z)-homeomorphisms 

whose integral mean dilatation functions satisfy inequality (1.5). A family is said 

to be normal if every sequence of its elements contains a subsequence which is 

locally uniformly convergent. Obviously, if a family is equicontinuous, it must be 

normal. 

THEOREM 3.1: Let F = {fn} be a family of self-#(z)-homeomorphisms of A 
with dilatation functions Dn (z) satisfying (1.5). Then F is normal. 

1 Proof: Taking r2 = ~ in inequality (3.16), we infer that the inequality 

( 2e ) 161 
(3.19) If(z2) - f (zl)[  _< 16(1 + log4)~  log [z2 - zl[ 25 M 

holds when [z2 - zl[ < �88 If [z2 - Zl[ _> �88 (3.19) is trivial. Therefore, (3.19) 

is valid for all zl, z2 C A. We see that the upper bound of [f(z2) - f(zl)l  is 

independent of f ,  which implies the family F is equicontinuous. Hence F is 

normal. | 

ACKNOWLEDGEMENT: The author of this paper would thank the referee very 

much for his many kind and valuable suggestions. 

R e f e r e n c e s  

[1] L. V. Ahlfors, Lectures on Quasiconformal Mappings, Van Nostrand, Princeton- 
New York-Toronto-London, 1966. 



358 Z.G. CHEN Isr. J. Math. 

[2] M. Brakalova and J. Jenkins, On solutions of the Beltrami equation, Journal 
d'Analyse Math~matique 76 (1998), 67-92. 

[3] Z. G. Chen, Boundary behavior of the dilatation of Beurling-Ahlfors' extension, 

Journal of Fudan University 35(4) (1996), 381-386. 

[4] J. C. Chen, Z. G. Chen and C. Q. He, Boundary correspondence under #(z)- 

homeomorphisms, The Michigan Mathematical Journal 43 (1996), 211-220. 

[5] G. David, Solution de l'dequation de Beltrami avec [ #[ oo -- 1, Annales Academiae 
Scientiarum Fennicae. Series A I. Mathematica 13 (1988), 25-69. 

[6] A. N. Fang, Generalized Beurling-Ahlfors extension, Science in China 25 (1995), 
565-572. 

[7] C. Q. He, Distortion theorem of tile module for quasiconformal mappings, 

Acta Mathematica Sinica 15 (1965), 487-494. 

[8] O. Lehto, Homeomorphism with a Given Dilatation, Lecture Notes in Mathematics 
118, Springer-Verlag, Berlin-Heidelberg-New York, 1970, pp. 58-73. 

[9] Z. Li, A remark on the homeomorphic solution of the Betrami equation, Beijing 
Daxue Xuebao 25 (1989), 8-17. 

[10] Z. Li, Locally quasiconformal mappings and the Dirichlet Problem of degenerate 

elliptic equations, Complex Variables 23 (1993), 231-247. 

[11] E. Reich and H. R. Walczak, On the behavior of quasiconformal mappings at a 
point, Transactions of the American Mathematical Society 117 (1965), 338-351. 

[12] P. Tukia, Compactness properties of#(z)-homeomorphisms, Annales Academiae 
Scientiarum Fennicae. Series A I. Mathematica 16 (1991), 47-69. 


