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ABSTRACT

In the theory of K-quasiconformal mappings, Mori’s theorem shows that
K-quasiconformal mappings on the unit disk satisfy the Holder condition,
where the coefficient 16 is best possible. In this paper, we prove that
self-u(z)-homeomorphisms on the unit disk have an analogical result to
Mori’s theorem when the integral mean dilatations are controlled by log
function. An unimprovable inequality is obtained.

1. Introduction

Let us recall the analytic definition of K-quasiconformal mappings.

Definition: Let f be a sense-preserving homeomorphism in the plane. We call
f a K-quasiconformal mapping if it satisfies the following two conditions:

(i) f is absolutely continuous on lines in .

(ii) |fz| < k|f,], for almost all z € Q.

It is well known that a K-quasiconformal mapping f with two points normal-
ized (f(a1) = by, f(az) = by, where ay # az, by # be) satisfies a uniform Holder
condition on any compact subset:

(1.1) f(21) = f(22)] < M2y — 22|/

Particularly, when f is a K-quasiconformal mapping of the unit disk A onto itself
with normalization f(0) = 0, the following famous Mori’s result holds:

(1.2) |f(21) = f(22)| < 16|z — 22|/,
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where the coefficient 16 is best possible.

In recent years, many mathematicians have been interested in a more gener-
alized class of locally quasiconforml mappings. In this paper, we examine u{z)-
homeomorphisms.

Definition: Let E be a compact set in Q which is of o-linear measure. Let u(z)
be a measurable function in Q. Function f is called a p(z)-homeomorphism, if f

is a sense-preserving homeomorphism in  and is locally u(z)-quasiconformal in
Q-F.

The importance of u(z)-homeomorphisms lies in the fact that, on one hand,
they are natural generalizations of K-quasiconformal mappings; on the other
hand, all of them come from the study of homeomorphic solutions of the following
Betrami equation,

(1.3) fz = p(2) /.

We refer readers on p(z)-homeomorphisms to [2], [3], [4], [5], [6], [8], [9], [10],
[11] and [12]. It should be pointed out that until now, the theory of p(z)-homeo-
morphisms is far from complete.

Throughout this paper, we restrict ourself to the unit disk A. Denote the
dilatation function of f by Df(z) = (1+ |u(2)])/(1 — |(2)|). Let ¥(r) be an
circular arc in A with radius r. Denote the integral mean dilatation on y(r) by

1
1.4 Di(v(r)) = —— Dy (2)ldz|,

( ) f( ( )) L(’Y(T)) ) f( )'
where L(y(r)) represents the linear length of v(r). In particular, if y(r) =
{2]z = 29 + ret?, 0 < 6 < 2r}, then

1 2n X

D*(y(r)) = D*(2p,7) = — D(zo + re'®)do.
2m Jo
The intention of this paper is to estimate | f(z1) — f(22)| under self-u(z)-homeo-

morphisms of A. We control the growth order of D*(+(r})) by a log function and
obtain the following main result:

THEOREM 1.1: Suppose that f is a self-u(z)-homeomorphism of A with normal-
ization f(0) = 0. If for any r < %, v(r) C A, there exists a constant M such
that

(1.5) D*(v(r)) < Mlog(e/r),
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then

i o 108l = T()]

1.6
( ) l21—22{=0 4, zo€A IOg IOg

< -1/M

|21 —22]

where the constant —1/M is best possible.

2. Some lemmas

To prove the theorem, we shall prepare a few lemmas in this section.

Let T be a family of curves in the plane. Each « ¢ I shall be a countable
union of open arcs, closed arcs or closed curves, and every closed subarc shall be
rectifiable. We use the properties of the extremal length of I'. The definition is
as follows.

1. p is non-negative Borel function.

2. A(p) = [ [ pPdxdy # 0, 00.

For such a p, set
Ly(p) = /pleI
Y

if p is measurable on v. Otherwise, L. (p) = co. We introduce
2
L(p) = ;Ielf L,(p) and AT)= sup 1":1((p))
for all allowable p.

Let f;(x) be continuous on line segment [a,as] (j = 1,2}, and fi(z) < fa(z)
for any z € [ay, az). Denote

Q ={(z,y)ler < z < ag, f1(z) <y < falz)}.

Let f(z) be a p(z)-homeomorphism of ). Define the module of ) by the extremal
length of I', a family of curves which connect {z|z = a1} with {2|z = a2} in Q,
namely, mod(Q) = A(I"). Correspondingly, mod f(Q) is defined as the extremal
length of f(I'). We estimate the module of f(Q) as follows.

LEMMA 2.1: If the dilatation function D(z) of f is integrable in @, then
a2 dr
2.1) / . < mod £(Q).
ff{’((x)) D(z + iy)dy

Proof: There exists a conformal mapping ¢ which maps f(Q) onto a rectangle
R = {(u,v)|0 <u <v,0<v <b}. Set h=¢o f. From the conformal invariance
of extremal length, we have

(2.2) mod f(Q) = mod h{(Q) = a/b.
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Now, we prove that h is absolutely continuous on lines. In fact,

[ [l + nshdady = [ [ Du)t (et dady
Q Q

= [ [ Dier e basay
Q
where J(z) is the Jacobian of h, namely J;, = |h,|? — |hz|?.
Therefore, applying the Schwarz inequality to the right side of the last equality,
we have

//(Ith— |hz|)dzdy < (//Dﬂz)dxdy)é(//Jh(z)dxdy)%.
Q Q Q

From the integrability of D(2) and Ju(z), |h,| and |hz| are integrable. Thus, h
is ACL (see lemma 2 in chapter II of [1]).

From the fact that h{z+iy) is absolutely continuous for almost all x € [ay, ag],
it follows that

fa(z)
(2.3) bg/ Ihy (& + i) |dy.
fi(@)
Set
9(2) = |hy(2)1?/ In(2).

By the chain rule one can show that

11— pn() _ 11— ps(2)?
2.4 z) = = < Dy(2).
24 = TP = T lnp =7
The above inequality together with the hypothesis of the lemma yield that g(z)
is integrable in Q. Set

_Ja(2), g <m
g“”‘{m ()| > .

Denote
f2(2)
IL(z) = / gn(2)dy.
fi(=@)
By Fubini’s theorem, I,(z) exists for almost all z € [a1,as] and a given n.
Obviously for a fixed x, the sequence {I,,(x)} is increasing with n. So the sequence
I,(z) converges if the limit is permitted to be +occ. This means that the integral
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f fz((;)) 9(z)dy exists for almost all z € [a1,az]. The same argument is available

for Jp,(z). Now it is not difficult to prove that

. fa(z) fa(z)
(2.5) b2/ gM@g/ Jn(2)dy.
fi(z) fi(z)

Because the above inequality holds if

fa(zx) folz)
/ g(2)dy = +00 o / Ju(2)dy = +oo,
fi(z) fi(zx)

we may assume that both of them are finite. Applying Schwarz inequality to
(2.3), we have

Ja(x) Ja(x) fa(z)

\/g(z)\/Jh(z)dy) < /f g(2)dy Jn(z)dy.

(2.6) < (
1(e) fi(=)

fi(=)
Thus (2.5) immediately follows from (2.6).
Integrating both sides of inequality (2.5) over z € [a1, az], we get

@ 2 fz(w)
/ fz(:) @ / / z)dydz < mes(h(Q)) = ab.

Hence, from (2.2), (2.4) and the above inequality, (2.1) follows. This completes
the proof of the lemma. |

Let 6;(r) be continuous on [rq,72], and 0 < 6(r) < 61(r) < 27. Denote
P =P(zy;r1,72;01(r), 02(r))
={z]z = 20 + 1,7 <7 <7, 01(r) < 0 < O5(r)).

Function log(z — 2o)/r1 conformally maps P onto Q. From Lemma 2.1 and the
conformal invariance of module, there follows

LEMMA 2.2: Suppose that f(z) is a u(z)-homeomorphism in P. If D¢(z) is
integrable in P, then

2.7) / dr < mod f(P)
1 rfg D¢ (2 + ret®)df

where mod f(P) is defined as the extremal length of f(T') and T is a family of
curves which connect the corresponding two arcs in P.

Particularly, if P is an annulus, we have

2 dr
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For the proof of the above inequality when f is a K-quasiconformal mapping, we
refer to [7] and [11].
Set
AA(Z();’I‘l,’I‘z) = {z|7'1 < lZ - Zo' <Te,2y € A} nA.

By (2.7), the module of f(Aa(z;71,72)) has the following estimate:

(2.9) /7::2 m‘?—(‘rm < mod f(AA(ZO§ 71, 7‘2))

where D*((r)) is the integral mean dilatation on ~(r).

LEMMA 2.3: Suppose that f(z) is a p(z)-homeomorphism in the unit disk A.
If D}(v(r)) satisfies (1.5), then the image f(A) is conformally equivalent to the
unit disk A and f can be topologically extended to the boundary OA.

Proof: From the topological point of view, homeomorphism f maps A either
onto the whole plane or onto a simply-connected domain of hyperbolic type.

Suppose that f maps A onto the whole plane. We consider domain
Aa(20;0,268) where zp € A, § < %. By the definition of module and extremal
length, mod f{Aa(20;6,26)) = 0. On the other hand, from the hypothesis of
the lemma, we deduce that Dy(z) is integrable in Aa(zo;6,28). Hence, u(z)-
homeomorphism f satisfies conditions of Lemma 2.2. Using (2.9) and (1.5), we
have

26
(2.10) 0< /6 WﬁT@/T) < mod f(Aa(zp; 6, 20)).
This is a contradiction. Thus f(A) must be conformally equivalent to A.

From the Riemann mapping theorem, there exists a conformal mapping ¢ such
that ¢o f(A) = A. By definition in §1, D} (y(r)) = D}, ;(7(r)). So, without loss
of generality, we may assume that f(A) = A.

Next, in three steps we prove that f can be homeomorphically extended to the
boundary.

Firstly, we prove that for any zp € dA, f(z) converges as z tends to 2z in A.

Otherwise, there exist two sequences {z}} (j = 1,2) tending to 2o such that
f(21) = u;, where u; and uy are two different points on dA. Consider domain
An(zo;7, 3). Let mod f(Aa (2037, 3)) = A(f(Ty)), where T, is a family of curves
which connect {z||2— 20| = 3} with {2||z — zo| = r} in Aa (2057, 3). By (2.9) and
conditions of the lemma, mod f(Aa (2o; 7, %)) — +00 as 7 — 0. Consequently,

(2.11) A(f(T4)) — 400, asr —0.
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Set Ua(20; 3) = {2]|z — 20| < $} N A. The curve f(|z — 20| = }) intersects dA at
v1 and vy. Let Q(v1, v2, uy, u2) be a quadrilateral with domain f(Ua (2o, %)) and
vertices vy, v, U1, 2. The module mod Q(v1, v, u1, uz) is defined as the extremal
length A(T"), where I is a family of curves which connect the curve f(|z—zo| = )
and arc ujuy. It is easy to see that A(T") < oo. Since f(I',) < I', by monotonicity
of extremal length, A(f(T';)) < A(T') < oo, which contradicts (2.11). This implies
that f(z) converges.

Secondly, from the above discussion, it makes sense that f(z) = lim,_,,, f(2)
whenever z tends to zg in A. Analogous reasoning yields the continuity of flsa.

Finally, we shall prove that f|aa is injective.

Otherwise, there exist w and 21,22 € A such that f(z1) = f(22) = w. From
topology, f maps arc z1zp to w. Set zp = (2, + 22)/2, 11 = |22 — 21|/4 and
ro = |22 — 21|/2. By definition of module, mod f(Aa(2¢;71,72)) = 0. However,
from conditions of the lemma and (2.8), it follows that mod f(Aa(2o;71,72)) > 0.
This contradiction shows that f|sa is injective. The proof is complete. ]

Remark: Professor Li has obtained a homeomorphic extension of locally quasi-
conformal mappings under conditions different from this paper (see [10]).

3. Proof of the main result

Let G(R) be a symmetric Grotzschian domain and M (A) be a symmetric Mori’s
domain. Their moduli are represented by functions 5 log ®(R) and 5 log x(),
respectively. In this section we need following two inequalities:

(3.1) ®(R) < 4(R),

(3.2) Ax(A) < 16.

For more details about functions ® and x, we refer to [1].

Proof of Theorem 1.1: In view of the hypothesis of the theorem and Lemma.
2.3, f can be topologically extended to A. Extend f by

Then

(3:3) g (2)) = lps (1/2)].

Therefore, f is a p(z)-homeomorphism of the whole plane.
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When f is K-quasiconformal, the above extended f is still K-quasiconformal
in the whole plane. But for u(z)-homeomorphisms satisfying (1.5), generally, the
constant M will change after extension. We claim that

(3.4) D3 (z0,7) < (1+7)2M log(e/r)

holds for all zo € AN {|z] > 3} when r < 1.

Set Ci(r) = {z]|z — z0| = r} N A, which is a circular arc inside A. Set C,(r) =
{2||z = 20| = 7} N (C — A), which is a circular arc outside A. Let Co(r) be the
image of C,(r) under reflection 1/z. Hence it is a circular arc inside the unit disk

A. Let 7 be the radius of C,(r). By direct calculation, one can show that

,
3.5 = .
9 el =7

Since r < % and 3 < |79} < 1, from (3.5) it follows that
_ 1
(3.6) r<r<2r<5.

By hypothesis of the theorem and (3.6), we have

fco(r) Dy (z)|dz|
fCo(r) |dz|

The inequality (3.3) implies that D¢(z) = Ds(1/Z). Hence

fem Ds@)de| [o, ) Ds(1/2)1d3]
fmldzl - fCo(r) |d3|
e, Pr@dzl [ Pr}f;—)|dz|
- fCo(r) |d%| - fco(r) |z_l|f|dz|
min,ecy(r) |2|? fco(r) Dy (2)|dz|
T maX,ecy(r) 2|2 fCo(r) |dz|
1 Jo ¢ Dr(2)ldz]
(T+r2  [omldal

(3.7) < Mlog;- < Mlog ;.

(3.8)

Thus

fco(r) Dy (z)|dz|
(3.9) Jo. o 1421

2 fCo(r) Df(z)ldzl
Jezwy 142!
< (1+7)*Mlog g.

<(1+r)
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Again using the hypothesis of the theorem, we have

D¢(2)|dz
fc,-(r) f( )| | ngog—e—
fCi(r) |dz|

From (3.9) and (3.10), we obtain
fco(r) Dy(z)|dz| + fC,-(r) Dy(z)|dz|

Jo, iy 1821+ fo, ) 1d2]
< (1+7)*M log(e/r).

(3.10)

Di%(z0,7) =

So the claim is proved.
Let ry < %. For any distinct points 21, z2 in A while |23 — 23| < r2, we construct
an annulus

A={z||z1 — 22|/2 < |z — (21 + 22) /2| < ra}.
Considering two possibilities, we shall estimate on |f(z1) — f(22)| as follows.

CaAsSE 1: A lies in the unit disk A. According to (2.7) and the hypothesis of
the theorem,

2 dr 2 dr
11 — < - < d
(3.11) /T1 2rMrlog £ — /rl 2nrD*(zg,7) mod £(4)

where ro < %, = |Z2 — 21]/2 and zp = (211 +212)/2
Let {1 = f(z1), (2 = f(22). Considering the mapping

Yy $G
1-¢G¢
and noting the inequality (3.1), we have
1 1-G6 1 8
3.12 mod f(A) < —log® < —=—lo .
(312 S < giog (| ) < g os

From (3.11) and (3.12), we deduce that

/r2 N < L10 S S
r 2mMrlog? T 27 8 |f(22) = fz1)]

After rearrangement, we obtain

/ -1/
(3.13) Lﬂ@>—fﬁﬂ‘§8(bg%)lM(bgpg¥in) o
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CASE 2: A does not lie in A, hence it does not contain the origin O. It also
implies that |2p| > 1 —r2 > 3/4. Therefore (3.4) holds. Using (2.7) and (3.4), we
have

(3.14) 1 /rz dr < /” e mod f(A)
) (1+72)2 /)., 2nMrlog(e/r) ~ J,, 2mrD*(z,7) ~ ’

Denote B(zg,7) as a disk with center at 29 and radius 7. Now the image of the
inner continuum of A intersects {¢||¢| < 1} in a set with diameter > |(2 — (1,

and the outer continuum of A contains the origin. Therefore, by the extremal
property of Mori’s domain and inequality (3.2), we have

(315)  mod f(4) < 5~ logx(IGi - Gal) < 5-1og(16/162 — Gil).

From (3.14) and (3.15), we have

e\ UM 2e -5 %
. — < log — log ———— .
(316) i)~ f()] < 16(log ) (log =)
Comparing (3.13) with (3.16), we see that (3.16) holds whenever |z2 — 21| < 72
<1
i 4‘

Now we choose points z; and z; to be sufficiently close such that |zz — 21|

< 273, Let
¢ ¢ 2e 1
rg = —

= log —— .
:c Oglzz—z1|’ T

Then z > 4 and r; < 1. Rewrite (3.16) as
(3.17) [f(22) — f(z1)] < 16(logz + 1) o~ (i7" %
It is not difficult to see that the inequalities

1 2 2
1/+/logz 1-2
(3.18) logz <z and (1 n l/x) > .

hold whenever z > 4. Substituting (3.18) into (3.17), we have

1
|F(22) = £(21)] < 16(e) i/ewes g~ (=30

1

SO (P S
< 16e™ (12 m)
From the above inequality, we immediately obtain

lim log | f(22) —2{(z1){ <- 1

lz22-21|202, z,ea  loglog Tamml M
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Finally, it remains to give an example to show that the constant —1/M is best
possible. Set

e)'l/Meio

fre) = (log

Direct computation shows that

r

D(re®) = Mlog(e/r).

Hence f is a self-u(z)-homeomorphism of A, and the exceptional set E contains
only one point, the origin O. Let 21 (r) = r and 22(r) = —r. The distance between

£(r) and £(-r), o
() = f(=r)l =2(logZ) ",

shows that the estimates given in Theorem 1.1 are best possible. ]

Now we come to the normal property of a family of u(z)-homeomorphisms
whose integral mean dilatation functions satisfy inequality (1.5). A family is said
to be normal if every sequence of its elements contains a subsequence which is
locally uniformly convergent. Obviously, if a family is equicontinuous, it must be
normal.

THEOREM 3.1: Let F' = {f,} be a family of self-u(z)-homeomorphisms of A
with dilatation functions Dy (z) satisfying (1.5). Then F' is normal.

Proof: Taking 5 = % in inequality (3.16), we infer that the inequality

&~

2e )‘%

(3.19) |f(22) = f(21)| < 16(1+1084)ﬁ(10g|§2‘t;1‘|

holds when |25 — 21| < i. If |22 — 21| > %, (3.19) is trivial. Therefore, (3.19)
is valid for all 21,25 € A. We see that the upper bound of |f(z2) — f(21)| is
independent of f, which implies the family F' is equicontinuous. Hence F' is
normal. ]
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